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Aims of this talk

Argue against the (PCH) thesis—that causal
reasoning is not reducible to probabilistic

reasoning—Nby proving a reduction theorem in
the context of structural causal models (SCMs).



Aims of this talk

2. Advance the subjectivist project of de Finetti
and friends with a representation theorem for
causal learning and reasoning in terms of
symmetry properties of an agent's credences.



Aims of this talk

3. Discuss the implications of these results for the
role of causation in:

O understanding agency;
O debates in decision theory;
O and claims about the limits of LLMs.
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Pearl's Causal Hierarchy (PCH)

Layer Typical Machine
(Symbolic) Question Learning
L3 Counterfactual Imagining Why? Was it the
Py | x',y) What ifThad  aspirin that
acted stopped my

differently? headache?

L, Interventional Doing What if? What if I Reinforcement
P(y | do(x), c) WhatifIdoX? take aspirin, Learning
will my
headache be
cured?
Ly Associational  Seeing What is? What doesa  Supervised/
P(y|x) How would symptom Unsupervised
seeing X tell us about Learning
change my the disease?

belief in Y?



“The bulk of human knowledge is organized around
causal, not probabilistic relationships, and the
grammar of probability calculus is insufficient for
capturing those relationships..."

—Pearl (2001, p. 31) Bayesianism and Causality, or, Why | am Only a Half-
Bayesian



“Specifically, the building blocks of our scientific
and everyday knowledge are elementary facts such
as 'mud does not cause rain’ and ‘symptoms do not
cause disease’ ...and those facts, strangely
enough, cannot be expressed in the vocabulary of
probability calculus.”

—Pearl (2001, p. 31) Bayesianism and Causality, or, Why | am Only a Half-
Bayesian



In H. Gefiner, R. Dechter, and J.Y. Halpern (Eds.), Probabilistic and Causal Inference: The Works
of Judea Pearl, Association for Computing Machinery, 2021,

On Pearl’s Hierarchy and
the Foundations of Causal
Inference

Elias Bareinboim (Columbia University),
Juan D. Correa (Columbia University),
Duligur Ibeling (Stanford University),
Thomas Icard (Stanford University)

Abstract

Cause-and-effect relationships play a central role in how we perceive and make
sense of the world around us, how we act upon it, and ultimately, how we under-
stand ourselves. Almost two decades ago, computer scientist Judea Pearl made a
breakthrough in understanding causality by discovering and systematically study-
ing the “Ladder of Causation,” a framework that highlights the distinct roles
of seeing, doing, and imagining. In honor of this landmark discovery, we name
this the Pearl Causal Hierarchy (PCH). In this chapter, we develop a novel and
comprehensive treatment of the PCH through two complementary lenses: one
logical-probabilistic and another inferential-graphical. Following Pearl’s own pre-
sentation of the hierarchy, we begin by showing how the PCH organically emerges
from a well-specified collection of causal mechanisms (a structural causal model,
or SCM). We then turn to the logieal lens. Our first result, the Causal Hierarchy
Theorem [CHT), demonstrates that the three layers of the hierarchy almost always
separate in a measure-theoretic sense. Roughly speaking, the CHT says that data
at one layer virtually always underdetermines information at higher layers. As in
most practical settings the scientist does not have access to the precise form of the
underlying causal mechanisms—only to data gencrated by them with respect to
some of the PCH's layers—this motivates us to study inferences within the PCH
through the graphical lens. Specifically, we explore a set of methods known as
causal inference that enable inferences bridging the PCH’s layers given a partial



Irreducibility of levels of PCH

"We prove that... it is generically impossible to draw
higher-layer inferences using only lower-layer
information, a result known informally in the field
under the familiar adage: 'no causes-in, nho causes-
out.””

—Bareinboim et al (2021) On Pearl’s Causal Hierarchy and the
Foundations of Causal Inference, p. 513



Irreducibility of levels of PCH

“If each language did not expressively exceed its
predecessors, then in some sense our talk of
causation and imagination would be no more than
mere figures of speech, being fully reducible to
lower layers."

—Bareinboim et al (2021) On Pearl’s Causal Hierarchy and the
Foundations of Causal Inference, p. 527



Pearl’'s Causal Hierarchy (PCH)
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Pearl’'s Causal Hierarchy (PCH)

We focus on the claim of the irreducibility of £, to L4

L, Interventional P(y|do(x))

g

L1 Associational P(y|x)



Structural Causal Models



A structural causal model

M= (U,V,F,P(U))



Let's consider a very simple SCM.
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M = (U,V,F,P(U))

U=1{U;} rng(U;) = {0,1}
V= {Vl} fV1 - U1
F={fy,} rng(Vy) = {0,1}

P(U) ={P(Uy)}



M=(U,V,F,P(U))

U=1{U;} rng(U;) = {0,1}
V= {Vl} fV1 - U1
F={fy,} rng(Vy) = {0,1}

PW)={P(UY}  PW;=0)=PWU; =1)=05



Li:P(X=x|Y =) for X,Y € {Uy, V;}



Li:P(X=x|Y =y) for X,Y € {Uy, V;}

L, : P(X = x|do(Y = y)) for X,Y € {Uy,V,}



We consider SCMs exclusively in their capacity as
representing type-level causal relations.



For now, we restrict our focus to models satisfying:

1. Causal Markov Condition

2. Faithfulness



Ezxample of irreducibility of L, to L4



M;: Smoking 1L Cancer | Gene X



M,: Smoking 1L Cancer | Gene X






Fact. These two graphs are indistinguishable using
only observations of realizations of these variables.



Py, (Cancer|Smoking) = Py, (Cancer|Smoking)



However, they can be distinguished if we have
access to observations of interventions.



\ \
=) (=) & (=

Py, (Cancer|do(Smoking)) # Py, (Cancer|do(Smoking))



Causal Hierarchy Theorem (CHT)

Theorem. The PCH almost never collapses.
That is, for almost any SCM, the layers of the
hierarchy remain distinct.



Space of
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Space of
models IN

L, theory A

L, theory B

An L, theory is compatible with multiple £, theories.




Space of
models IN

L, theory A

L, theory B

Given a natural measure over M, this is generically true.




The proof is valid. But we think that a
straightforwardly enriched associational language
can reproduce the interventional semantics.



N.B.: Interventions encoded by do-operations that
are made exogenous to one graph can be made
endogenous to another graph.



do



ey eye



Given this insight, can we prove the reducibility of
interventional claims to associational ones?



Lecture Notes in
Statistics




Spirtes et al (1993) prove
(Ch.4, Thm 4.6) that any two
DAGs can be distinguished
provided additional
variables with the
appropriate causal structure
exist and can be measured.

Lecture Notes in
Statistics




Lecture Notes in
Statistics

That is, any DAG is uniquely
identifiable from
observational data given the
right sorts of additional
variables.




CAUSALITY

MODELS, REASONING,
_ AND INFERENCE

JUDEA PEARL

Even Pearl (2000, p. 99) observes
that the do-operator can be
emulated by adjoining a new

exogenous variable Iy that fixes
the value of X.



A Reduction Theorem for L, to L4



Reduction Theorem

Theorem 1. For any structural causal model, M, one
can produce an extension, M’ of M, such that all the
interventional propositions true of M are expressible in
terms of associational propositions true of M’ and all

the associational proposition of M continue to be true
of M'.



For any SCM, we can construct a conservative
extension by introducing auxiliary variables and
modified structural equations that replicate the
effects of interventions.



This allows the use of conditioning in place of do-
operations while preserving the content of both

associational and interventional propositions from the

original SCM.



Old M



do

Old M



New M



New M

Rng(X’) = Rng(X) U {NA}



New M

Rng(X’) = Rng(X) U {NA}

NA indicates no intervention

is performed on X.



New M

Rng(X’) = Rng(X) U {NA}
NA indicates no intervention

is performed on X.

| x, X' #NA
anew o onld’ X‘r = NA



In places, Pearl articulates a view not dissimilar to
ours...



“If you wish to include the entire universe in the model,
causality disappears because interventions disappear
—the manipulator and the manipulated lose their

distinction.
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“If you wish to include the entire universe in the model,
causality disappears because interventions disappear
—the manipulator and the manipulated lose their
distinction. However, scientists rarely consider the
entirety of the universe as an object of investigation. In
most cases the scientist carves a piece from the
universe and proclaims that piece in—namely,

the focus of investigation. The rest of the universe is
then considered out or background and is summarized
by what we call boundary conditions. This choice

of ins and outs creates asymmetry in the way we look at
things, and it is this asymmetry that permits us to talk
about ‘outside intervention’ and hence about causality

and cause-effect directionality.”
—Judea Pearl (p. 419f. of the Epilogue of the 2nd ed of Causality)



Note: One upshot of this picture is that causal
reasoning may help us precisely when we have a
smaller conceptual space—this helps explains its
value and prevalence as a pattern of reasoning.



Ezxzample of reducibility of L, to encriched L4



Endogenized interventions on smoking



These graphs are distinguishable using facts /
observations regarding associations on these
variables.



Py, (Cancer|Smoking') # Py,(Cancer|Smoking’)



This is achieved with conditioning only.



Proof sketch:



Proof sketch:

1. Preservation of Associational Propositions.

P(X|Y =y,M)=PX|Y =y,Y = NAM")



Proof sketch:

1. Preservation of Associational Propositions.

P(X|Y =y,M)=P(X|Y =y,Y = NAM")

2. Equivalence of Interventional Propositions.

P(X|do(Y = y),M) = P(X|Y' =y, M")



By enriching the agent's conceptual space,
we've reduced causal reasoning to
probabilistic in the context of SCM.



Let’s get subjective...



What are the probabilities in the enriched
models?



In SCMs we often treat the probabilities as
objective features of the world that we're
learning about.



But this is disharmonious with a fully subjective
Bayesian picture.

BRIAN SKYRMS

Pragmatics
and
Empiricism



Can we reduce the probabilities in SCMs to
purely subjective ones?



Let's step back and consider an analogy.



Chance & de Finetti's Representation Theorem



What is chance?



Relative frequencies of sequences of flips

O
{



Relative frequencies of sequences of flips
®
<

Propensities in the coin

noun

an inclination or natural tendency to behave in a particular way.

Similar
tendency inclination predisposition proneness proclivity readiness
susceptibility liability disposition aptness penchant leaning

predilection bent habit weakness



These accounts have problems—among them,
that chance appears to depend on our
knowledge.






Perci flips



Perci flips



Perci flips
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In general, if you knew enough about the physics of a
situation, you could calculate the outcome of a coin
toss with P > 0.5.



t(107s) ® W3

Insight. This is true in general.



What then is chance @ here?




Famously, de Finneti gave us an account of this...



De Finetti's Representation Theorem

Theorem. Consider an infinite sequence of random
variables. If an agent’s probabilistic credences P over
such sequences is exchangeable, then there exists a
probability measure u on the space of probability
distributions such that the agent is representable as
having a prior over i.i.d. sampling distributions and

updating based on observed data.



De Finetti's Representation Theorem
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Extensions

Diaconis & Freedman (1980) “Finite Exchangeable
Seqguences”

Diaconis & Freedman (1980) “De Finetti's Theorem for
Markov Chains"”

Schervish (1995) “A Representation for Sequences of
Partially Exchangeable Arrays”

Freer & Roy (2009) “Computable exchangeable sequences
have computable de Finetti measures”

Austin & Panchenko (2014) "“A Hierarchical Version of the
de Finetti and Aldous-Hoover Representations”

Cai, Ackerman, and Freer (2016) "“Priors on Exchangeable
Directed Graphs”

Etc.






Our aim here is to do for causation
what de Finetti did for chance.



60 %

SR






A Representation Theorem for Causal
Reasoning



Random Matrices




Random Matrices

X1 X?

Xn X3

Take the enriched set of variables from our reduction—

these include both the original and intervention

variables—with repeated observations of those variables.



Random Matrices

Each column is an observation D, = (X{, ..., X! ) at time t.



Representation Theorem for Causal Reasoning

Theorem. Let P be an agent’s probability function over
an infinite sequence of observations D = (D;, D, ...),
where each D, = (Xf,...,X% ) is a joint observation of all n
random variables at time t, and each variable X; takes
values in a finite set. If P satisfies exchangeability over
time points, then:



Representation Theorem for Causal Reasoning

1. There exists a probability measure u over the simplex

of joint distributions A such that P can be
represented as a mixture of i.i.d. sampling

distributions.






Representation Theorem for Causal Reasoning

1. There exists a probability measure u over the simplex

of joint distributions A such that P can be
represented as a mixture of i.i.d. sampling

distributions.
2. The agent’s beliefs and inferences about both “causal
structure” and conditional probability distributions

correspond to Bayesian updating on u given the
observed data Dy, ..., D,,.



Proof idea:

Define the product space of the range of the enriched set
of variables () and the simplex A of joint distributions

over ().
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Proof idea:

Define the product space of the range of the enriched set
of variables ) and the simplex A of joint distributions

over ().

Define an equivalence relation for conditional

independence relations inducing a partition {R¥}X_,.

{R¥}X_. then contains all possible “causal hypotheses” the
k=1
agent might entertain.



Let the agent’s probability judgments P regarding the
observations of the variables D; be invariant under any
permutations  of indices:

P(Dy, ...,Dp) = P(Dy(1)s -+or Drecm))-



Let the agent’s probability judgments P regarding the
observations of the variables D; be invariant under any
permutations  of indices:

P(Dy, ...,Dp) = P(Dy(1)s s Drecm))-

Apply the multinomial version of de Finetti’s Theorem to
the sequence of observations D to get that exists a u s.t.

P(D,,..,D,) = fA 1_[ P(D,)du(6).
k=1



| ]ﬂ[P(Dk)duw).
A k=1

p assigns probability mass to each region R*, which
represents the agent’s belief in the corresponding pattern
of conditional independencies.



fA P(D)Au(®).

k=1

Within each region R¥, the conditional measure u(6|R"‘)
represents the agent’s uncertainty about the specific

parameters given a particular causal structure.



So, when the agent observes data D,, ..., D,,, Bayesian updating on

u produces a posterior distribution:

k(01D .., D) | [ PDLIOIXK(O)
k=1

This posterior simultaneously updates both:



So, when the agent observes data D,, ..., D,,, Bayesian updating on

U1 produces a posterior distribution:

k(01D .., D) | [ PDLIOIXK(O)
k=1

This posterior simultaneously updates both:

i.  The probability of each region R¥;
(belief about causal structure)



So, when the agent observes data D,, ..., D,,, Bayesian updating on

U1 produces a posterior distribution:

k(01D .., D) | [ PDLIOIXK(O)
k=1

This posterior simultaneously updates both:

i.  The probability of each region R¥;
(belief about causal structure)

ii.  The distribution over parameters within regions.

(belief about specific conditional probabilities)












Unfortunately, even a system of 2 regular and 2
intervention variables requires a 35-D simplex.




And to represent our smoking-gene-cancer
example with 3 regular and 3 intervention variables
requires a 215-dimensional simplex.




This illustrates the computational advantage of
causal reasoning in terms of dimensionality
reduction!




To learn is...




Causal learning here is a special case of probabilistic learning.




Implications



We have shown that interventional reasoning in the
context of SCMs can be naturalized in the sense of
being reduced to features of our uncertainty.



This doesn’t diminish that causal reasoning is a
central pattern of both folk and scientific
reasoning.



This also doesn’t decide the status of all types of
causation—e.g., causation in fundamental physics,
so-called "actual causation,” etc.

The class of continuous timelike curves determines the

topology of spacetime®

David B. Malament

Departiment of Phllasophy, Universite of Chlesgn, Chicago. Mlinof $0637

{Recoived 23 Asaust 19761

The 1le sssertban s proven, and twa corallaris are established. First, the topebagy of every past and
Future distimguisking spacetisne if datermaned by (o eausal structure. Second, in every spacetiime the path
tepology of Hawking, King, and McCarnthy codes topological. differential, snd confarmal sinicture.

1, SUMMARY

Suppose one has two spacetimes (M, g} and 7, g")
together with & bijection 2 M —= A", where both J and
St preserve continuous timellke curves; i.e., ify:
1= M is a continuous timelike carve in (M, gl, then
Fopid—=M' i 4 contiruans timelike curve in (A7, g');
and symmetrically for /', We show that /' must be a
homeomorphism. In this sense the class of contimous
timelike curves in spacetime determines its topology.

The resull 18 of inlerest because, at least in some
senge, we directly experience whether events on our
worldlings are “close” or not. Thal experience alone,
it uppears, allows a complete determination of topo-
logical structure, The result also has two consequences
which are of indepandant interast.

It i5 well koown that in all strongly causal spacetimes
the Alexardralf topalogy is equal to the manifold topo-
logy.' Hence, at least in strongly causal apacetimes, if
ang knows of all peints ¢ and § whether it is possible
that a particle trave! from p to.q, then one can recover
the topology of apacetime. The questlon naturally
arises whether the condition of strong causality is
necesgary for this recovery, Wa show that it is not
The weaker condition of past and future distinguish-
ability sutfices. One has the following result: If (M, g
and (M*, 2} are past and futura distinguishing space-
times and I f: M — M’ i5 a causal isomorphism {i.e.,

& hijection where both fand /<! preserve the causal
connectibility relation =<}, then f must be a homeo«
morphism. But we also show that the assertion be-
comes false | the hypothesis of past and uture distin-
guishability is relaxed to that of future distinguishability
[or past distinguishability) alone.

A second consequence of our theorsm is an improve-
ment of & result of Hawking, King, and McCarthy.?
They define a path topology on spacetimes and prove
that, in the presence of strong causality, the path to-
pology “eodes” ) top L, amd
eenformal structare. We show that their hypathesis of
strong causality is unnecessary, Indeed their result is
true of alf spacetimes,

2, STANDARD DEFINITIONS AND RESULTS

sumed to be temporally orientable and endowed with a
particular temporal orientation,

Given subsels A and O of M with O open, MA,0) s
the set of polnts ¢ in 0 guch that there exists a future
directed smooth timelike curve y: f— 0 (where I R is
connacted) and points #, t, o [ such that ¢ <ty de 4,
and yitd =q. A, O Is called the chronclogical future
af A velative To 0, The cawsal fufiore of A velative to O,
AL, 18 the unton of AT O with the set of points g
in @ such that there exists a future directed smooth
causal curve ib.e., a smooth curve whose tangent vec-
tord are everywhe s and
future directed} y: {= 0 and points /;, 4= [ sach that
W=ty ¥l e A, and ylt)=y¢. Finally, the horismos
futwre of A valotive fo O, E*'[4,00, is the set J{4, 00
=4, 0), These sets have duals I44,0), J-(4,0), and
E-{A, 0 which are delined analogously (substitute paust
directed curves for future directed curves), HA, 0 is
the union MA, 01 1°(4,0). The sets J{A, O) and
E(A,0) are defined similarly.

I Awip}, we write P(p,0) instead of (4, 0} and
I p) instead of Pip, M), Similarly for the other £, J,
E sots, The relations g = M{p,0), g=&*{p,0), and
g E*(p,U) will somelimes be writlon ag g g{0),
pEglo), p=gloh, Furthermore, pao giMd), p<qlM), and
p— it} will sometimes be written as p=g, p<y, and
b B

The I, J, E sets have the following basic properties.”
U q& F{p.0), then psI~lg, 0) and conversely (similarly
for the J and £ sets). Both I (p, O) and i p, 0) are
apen. I pe= (0] and g <#{0), then pop(0). Similarly,
i jp <ql0) and q< r(0), then p<<v(0). If p— gl0}, then,
it 43 [0,1] =t 15 a fature directed smaoth causal curve
with ¥(0) = pand 31} =g, 3 must be & null geodesic

An open set @ L5 coneex 1l given any two points p and
qin O there is a geodesic y: [0, 1] = & with ¥(0}=p,
(=g and » I8 unique {up to reparametrization). If O
i8 an open convex set, then, for all points pin O,
JLp,0) = CUF p, O] = the closure in O of &{p, 0); and
E*p, ) =Bnd[I*(p, O)] = the boundary of F{p, 0} in O
{These sssertions are falee in general It O is not con-
vex. But J*{p,0)C ClP{p, 0)] and E*{p, G Bad[F(p, 0)]
are always troe.| Dual assertions hold for & and E7.
The open convex sets form a basis for the manifold
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Abstract We argue that current discussions of criteria for actual causation are
ill-posed in several respects. (1) The methodology of current discussions is by indue-
tion from intuitions about an infinitesimal fraction of the possible examples and coun-
terexamples; (2) cases with larger numbers of causes generate novel puzzles; (3)
“neuron” and causal Bayes net diagrams are, as deployed in discussions of actual
causation, almost always ambiguous; (4) actual causation is (intuitively) relative to
an initial system state since state changes are relevant, but most current accounts
ignore state changes through time; (5) more generally, there is no reason to think that
philosophical judgements about these sorts of cases are normative; but (6) there is a
dearth of relevant psychological research that bears on whether various philosophical
accounts are descriptive. Our skepticism is not directed towards the possibility of a
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Some have claimed that because of the claimed
irreducibility, purely associational LLMs cannot—in
principle—reason causally.



“Large language models and other models
employing associational reasoning cannot reason

causally.”

—Zecevic¢ et al. (2023) "Causal Parrots: Large Language Models May Talk
Causality But Are Not Causal” Transactions in Machine Learning Research



Our results provide evidence against such claims.



We provide further evidence that—as many
thinkers have hypothesized (Hume, 1739; Russell
1913; Reichenbach, 1956; Suppes, 1970)—that
causal reasoning performs a different function,
perhaps as a heuristic with computationally and
pragmatically desirable properties—e.g.,
dimensionality reduction—for boundedly rational
agents.



If our picture is right, causal reasoning in a smaller
algebra helps us approximate fully Bayesian
reasoning in a larger algebra.



If our picture is right, causal reasoning in a smaller
algebra helps us approximate fully Bayesian
reasoning in a larger algebra.

This suggest that there may be other patterns of
effective approximation.



This can also help explain our causal intuitions in
decision-making contexts, while actually
supporting evidential decision theory.



Our findings advance the naturalizing project
articulated by de Finetti (1931), Diaconis and
Freedman (1980), and Skyrms (1984), among
others.
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Just as their results show us how probabilistic
judgments can account for chances without
reifying them as external entities, we show how
probabilistic judgments can also account for causal
relations without reifying them as external entities




Whatever else causation might be, in the context of
SCMs, it is indeed reducible.



Happy Halloween.
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